Abstract: Classic continuum mechanics views a crystal as a homogeneous and continuous medium, in which the basic structural unit of the crystal is taken without structure and is idealized as point mass. Micromorphic theory views a material as a continuous collection of deformable point particles; each particle has finite size and additional nine internal degrees of freedom describing the stretches and rotations of the particle. This paper presents a multiscale field theory that views a crystalline material as a continuous collection of lattice points, while embedded within each point is a group of discrete atoms. The atomistic formulation of the field theory is briefly introduced. Its relation with the well-known micromorphic theory is derived. The applicability of the classical continuum theory, micromorphic theory, and the generalized continuum field theory is discussed.
Introduction
Microcontinuum field theories, or generalized continuum theories, including micromorphic theory, microstructure theory, micropolar theory, Cosserat theory, nonlocal theory, and couple stress theory, are the extensions of the classical field theories for the applications in microscopic space and time scales. The fundamental departure of microcontinuum theories from classical continuum theory is that the former is a continuum model embedded with microstructures. Among them, micromorphic theory, developed by Eringen and Suhubi ͑1964͒ and Eringen ͑1999͒, envisions a material body as a collection of a large number of deformable particles. Each particle possesses finite size and directions representing its microstructure. The particle has nine independent degrees of freedom describing both stretches and rotations, in addition to the three classical translational degrees of freedom of its center. The deformable particle may be considered as a polyatomic molecule, a unit cell of a crystalline solid, or a chopped fiber in a composite, etc. By taking the microstructure and the micromotion into consideration, micromorphic theory has extended the application region of continuum theory to the microscopic space and time scales.
Upon assumptions of small deformation and slow motion, micromorphic theory can be reduced to Mindlin's microstructure theory ͑1964͒. When the microstructure of the material is considered as rigid, micromorphic theory then reduces to the micropolar theory ͑Eringen 1965͒. Assuming a constant microinertia, micropolar theory is identical to the Cosserat theory ͑1909͒. Eliminating the distinction of macromotion of the particle and the micromotion of its inner structure, it results in the couple stress theory that considers the effect of the gradient of the rotational part of deformation ͑Toupin 1962; Mindlin and Tiersten 1962͒ . A full gradient of strain was considered in the second gradient theory by Mindlin and Eshel ͑1968͒. When the particle reduces to the mass point, all the microcontinuum theories go back to the classical continuum mechanics. The analytical link between atomistic model and micromorphic theory was established by Chen and Lee ͑2003a,b͒ through statistical ensemble averaging, and the correspondence of the two models at nano/microscale was achieved by assuming a continuous inner structure attached to each lattice point. Motivated by the connection between the micromorphic theory and the atomic model of molecular dynamics, as well as the need to go beyond the micromorphic theory for complex materials, in a series of theoretical papers, an atomistic field theory has been formulated by Chen and her co-workers ͑Chen and Lee 2005 Lee , 2006 Chen et al. 2006a ,b͒ for concurrent atomic-continuum modeling of materials. Continuous local densities of fundamental physical quantities in atomistic systems are derived. By decomposing atomic motion/deformation into homogeneous lattice motion/deformation and inhomogeneous internal atomic motion/ deformation, and also decomposing momentum flux and heat flux into homogeneous and inhomogeneous parts, field representation of conservation laws at atomic scale has been formulated. As a result of the formulation, a field representation of atomistic systems is obtained.
This paper aims to establish the relationship between the newly formulated field theory and the micromorphic theory. In the following sections, atomistic formulation of the generalized continuum field theory will be briefly introduced; assuming the atomic structure of crystalline materials as a continuum, the balance equations in the micromorphic theory will be derived.
A brief discussion on the fundamental differences of classical continuum mechanics, the micromorphic theory, the generalized continuum theory, and the molecular dynamics model in modeling crystalline materials and hence their applicability will be presented.
Atomistic Formulation of Multiscale Field Theory for Multiatom Systems
An atomistic view of a crystal is a periodic arrangement of local atomic bonding units, cf. Fig. 1 . Each lattice point defines the location of the center of a unit. Although the space lattice is macroscopically homogeneous, embedded in each lattice point is a group of bonded atoms, the smallest structural unit of the crystal. For multiatom crystalline systems, elastic distortions give rise to wave propagation of two types: acoustic and optic. In the acoustic type, all the atoms in the unit cell move essentially in the same phase, resulting in the deformation of the lattice. In the optical type, the atoms move within the unit cell, leave the lattice unchanged, and give rise to the internal deformations. The atomic displacement can, therefore, be decomposed into two parts: the lattice deformation and the internal atomic deformation relative to the lattice.
In microscopic many-body dynamics, the dynamic quantities are functions of phase-space coordinates ͑r , p͒, i.e., positions and momenta of atoms, which, for polyatomic systems, can be expressed as
where the superscript k␣ refers to the ␣th atom in the kth unit cell; m ␣ = mass of ␣th atom; R k␣ and V k␣ = position and velocity vectors, respectively; R k and V k = position and velocity of the center of the kth unit cell, respectively. The instantaneous local density of any measurable phase-space function A͑r , p͒ can generally be defined as
with normalization conditions
Here, V is the volume of the whole system; the first delta function is a localization function that provides the link between phase space and physical space descriptions, it can be a Dirac ␦-function ͑Irvine and Kirkwood 1950͒, or a distribution function ͑Hardy 1982͒. Eq. ͑3͒ implies that over the entire physical space all the unit cells, k =1,2,3, ... ,n, can be found. Then, for each unit cell k, the second ␦ -function in Eq. ͑2͒ identifies y ␣ to be ⌬r k␣ , i.e.
The time-interval averaged local density function ͑at time t for the interval ⌬t͒ can then be defined as
Following from Eq. ͑6͒, the continuously distributed local mass density ␣ , linear momentum density
where 1 2 m͑V k␣ ͒ 2 + U k␣ = E k␣ = atomic site energy of the ␣th atom in the kth unit cell; U k␣ = potential energy; 
, and f 3 k␣ represents the body force on atom ͑k , ␣͒ due to external fields The continuum counterpart of momentum flux density is the stress tensor. However, the smallest allowable volume involved to determine the density that does not violate the continuum assumption in an atomistic system is the volume ⌬V defining the density of lattice points, which is the volume of a primitive unit cell. The vector sum of all the atomic forces within this volume may not pass through the mass center of the ⌬V. Therefore, the continuum stress is not the momentum flux density. For crystals with more than one atom in the unit cell, the continuum stress is only the homogenous part of the momentum flux summing over a volume larger than or equal to that of a unit cell, and it may not be symmetric.
The total momentum flux is, therefore, better represented by decomposing it into a homogeneous part and an inhomogeneous part; each has a kinetic part and a potential part. The homogeneous part is caused by the lattice motion and deformation and is related to continuum stress. The inhomogeneous part is caused by internal ͑relative͒ atomic motion and deformation, and is the difference between the atomic momentum flux and classical definition of continuum stress. The homogeneous and inhomogeneous kinetic parts, t kin ␣ and kin ␣ , and the homogeneous and inhomogeneous potential parts, t pot ␣ and pot ␣ , take the following forms:
Similarly, the heat flux density is also decomposed as homogeneous and inhomogeneous kinetic parts, and homogeneous and inhomogeneous potential parts:
It is noticed that the decomposition of fluxes is a consequence of the decomposition of atomic position into lattice position and relative atomic position. As exact consequence of the decomposition of atomic displacements, momentum and heat fluxes into homogeneous and inhomogeneous parts, and also of Newton's law, a complete field representation of conservation laws at atomic scale has been obtained. The conservation equations for time-interval averaged mass, linear momentum, and energy can be found in Chen and Lee ͑2005, 2006͒ and Chen et al. ͑2006a͒ as
It is noticed that the total momentum flux ͓or the total atomic stress, cf. Eqs. ͑13͒-͑16͔͒, t ␣ + ␣ , is symmetric. As a direct consequence, the balance equation of angular momentum was found to be automatically satisfied ͑Chen et al. 2006a͒. This is in exact correspondence with the fact that the balance equations of angular momentum in classical continuum mechanics requires the symmetry of the Cauchy stress.
The unit cell-averaged local quantity is defined as
At the unit cell level, local properties are continuously and homogeneously distributed, and the coarse-grained or cell-averaged conservation equations for mass density, linear momentum density, and energy density have been obtained based on the formulas of cell-averaged local quantities ͑Chen et al. 2006a͒ as
It is seen from Eqs. ͑21͒-͑23͒ that the atomic-scale conservation equations of polyatomic systems differ from that of classical mechanics or of the micromorphic theory. Upon cell averaging, the mass equation and linear momentum equation become identical to that of classical continuum mechanics and the micromorphic theory, but the energy equation is different from that in classical continuum mechanics or the micromorphic theory.
Relations between the Formulated Field Theory and the Micromorphic Theory
The micromorphic theory is a continuum field theory for material bodies that possess inner structures. The methodology is adaptable to the development of parallel continuum field theories. It was considered as a theory of continuum theories ͑Eringen 1999͒. From the viewpoint of the micromorphic theory, a material body is considered as a continuous collection of a large number of deformable particles, called material particles. The particle differs from that of classic continuum mechanics by possessing inner structures of finite size. A primitive unit cell or a polyatomic molecule can be viewed as a material particle in Eringen's micromorphic theory. Geometrically, a deformable particle is characterized by its centroid C ͑located at X͒ and vector ⌶ attached to C. As shown in Fig. 2 , a generic point P is represented by the vector sum of X and ⌶ in the reference state at time t = 0. The material is said to be micromorphic of Grade 1 if the motions that carry P͑X , ⌶͒ to P͑x , , t͒ in a deformed state at time t can be expressed as
where kK is called a microdeformation tensor. It is seen that the macromotion, Eq. ͑28͒, accounts for the motion of the centroid of the material particle, whereas the micromotion, Eq. ͑29͒, specifies the deformation of the inner structure of the material particle. Thus, the particle has nine independent degrees of freedom for both stretches and rotations in addition to the three classical translational degrees of freedom of the center. The material's derivative of is given by
where kl is called a microgyration tensor. Eq. ͑30͒ is a consequence of the assumption that the inner structure of the particles is also a continuum. The conservation equations for mass density, microinertia density, linear momentum density, generalized spin density, and energy density were originally obtained by Eringen and Suhubi ͑1964͒ and Eringen ͑1965͒ by means of a "microscopic spaceaveraging process" as
where the additional variables are: ī is the microinertia tensor that measures the moment of inertia of a material particle in the continuum field, which is the moment of inertia of all atoms within a unit cell for the crystal from the viewpoint of an atomistic model by Chen and Lee ͑2003a,b͒; is the generalized spin tensor that measures the moment of momentum of all the atoms within the material particle, ϵ · l; t = Cauchy stress that is evaluated at the center of a material particle ͑a primitive unit cell for crystalline materials͒; s = microstress average, which can be considered as the stresses averaged over all the atoms within the unit cell; m = moment stress that measures the flux of the generalized spin and was defined by the limit ͑as the microsurface element ⌬a → 0͒ of m klm ⌬a k = ͐ ⌬a t kl Ј m da k Ј; = second-order tensor, called the gyration tensor and l = body couple density. For crystalline solids, the smallest structural unit is the primitive unit cell. In the micromorphic theory, the inner structure of a material particle is assumed to be a continuum. This means the micromotion is closely related to the microstructure. One thus has ͓cf. Eq. ͑30͔͒
Substituting Eq. ͑37͒ into the balance equations of the newly formulated field theory, and with the relation between stresses = s − t ͑38͒ one finds Fig. 2 . Macro-and micromotions of a material particle
Thus, we have obtained the conservation equation of mass and the balance equation of linear momentum that are identical to those in classical continuum mechanics, as well as to those in the multiscale field theory at the unit cell level. It is noticed that Eq. ͑41͒ becomes identical to Eq. ͑35͒, the conservation equation of energy in micromorphic theory, if
where m = moment stress. It is seen that Eq. ͑42͒ is the discrete counterpart of the moment stress that is defined in the micromorphic theory by the limit ͑as ⌬a → 0͒ of m klm ⌬a k = ͐ ⌬a kl
The conservation equation of microinertia was derived in Chen and Lee ͑2003a,b͒, with the microinertia tensor being defined as
From this definition one sees that the time evolution equation of microinertia tensor would take the same form irrespective of the continuum or discrete assumption of the inner structure of material particles. For details please see Chen and Lee ͑2003b͒.
The generalized spin tensor in the micromorphic theory was defined as
which measures the moments of momentum of all the atoms in the unit cell. We may derive its time evolution as follows:
A, B, C, and D can be further obtained as
Combination of A, B, C, and D gives
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With the conservation equation of mass, and with the definition of the material time derivative of a generic tensor
It is seen that there is an additional term
͑52͒, compared with the balance equation of the generalized spin in micromorphic theory. Note that y ␣ is the internal atomic position relative to the lattice, ␣ is the inhomogeneous part of the momentum flux at atomic scale, and its cell average, , is the difference of the microstress average s and Cauchy stress t. Thus, this additional higher order term is caused by the atomic-scale inhomogeneous distribution of the inhomogeneous stress. Neglect this higher order term; one then arrives at the micromorphic theory of Grade 1.
Discussion
A comparison of the viewpoint on crystalline materials by classical continuum mechanics, the micromorphic theory, the newly formulated field theory, and mechanics of particles are summarized in Fig. 3 . As is shown in Figs. 1 and 3 , the atomistic view of a crystal is as a periodic arrangement of local atomic bonding units. For polyatomic systems, the space lattice is macroscopically homogeneous, whereas embedded in each lattice point is a group of discrete atoms, the smallest structural unit of the crystal. Classic continuum mechanics views a crystal as a homogeneous and continuous medium, in which the basic structural unit of the crystal is taken without structure and is idealized as a point mass, and the internal deformation is ignored. Its application is thus limited to homogeneous or macroscopic problem. In the wellestablished micromorphic theory, the material is envisioned as a continuous collection of deformable particles; each particle has finite size and nine internal degrees of freedom describing the stretches and rotations of the particle. Compared with classical continuum mechanics, the micromorphic theory extends the application region of continuum theory to microscopic time and length scales. However, the assumption of a continuous structure and continuous deformation of the material particles makes it difficult to describe atomic-scale heterogeneity.
The newly formulated theory views a crystalline material as a continuous collection of lattice points, whereas embedded with each lattice point is a group of discrete atoms. This thus further expands the application region of the micromorphic theory to atomic scale ͑Xiong et al. 2007, 2008͒ . From the viewpoint that it stems from N-interacting particles and explicitly describes atomic motion, this new field theory follows the same concepts and principles of molecular dynamics, but it is computationally more efficient than a model based on the mechanics of particles. From the viewpoint that it is in terms of field quantities and is concerned with local density functions, this theory is similar to the micromorphic theory, but the structural unit is a group of discrete atoms, instead of a continuous media in the micromorphic theory. We expect this new generalized continuum field theory has the advantages both of an atomic model and of the micromorphic theory, and will be useful in tackling grand challenging problems in nano/microphysics.
